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Abstract
Based on the universality of the entropy-area relation of a black hole, and the fact that the
generalized uncertainty principle (GUP) adds a logarithmic correction term to the entropy in
accordance with most approaches to quantum gravity, we argue that the GUP-corrected entropy-
area relation is universal for all black objects. This correction to the entropy produces corrections
to the thermodynamics. We explicitly calculate these corrections for three types of black holes:
Reissner–Nordstro¨m, Kerr, and charged AdS black holes, in addition to spinning black rings. In
all cases we find that they produce a remnant. Even though the GUP-corrected entropy-area
relation produces the logarithmic term in the series expansion, we need to use the full form of the
GUP-corrected entropy-area relation to get remnants for these black holes.
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I. INTRODUCTION
The existence of a minimum measurable length scale of the order of the Planck scale
is a universal prediction in almost all approaches to quantum gravity [1–7]. For example,
in string theory, strings are the smallest probe that can be used for analyzing regions of
spacetime, and so it is not possible to probe spacetime below the string length scale [1, 8].
Hence, string theory comes naturally equipped with a minimum length scale. Also in loop
quantum gravity there exists a minimum length scale, which turns the big bang into a big
bounce [9, 10]. In fact, there are strong indications from black hole physics that any theory
of quantum gravity should be equipped with a minimum length scale of the order of the
Planck length [3, 11]. This is because the energy required to probe any region of spacetime
at a smaller scale is more than the energy required to form a black hole in that region.
The existence of a minimum length scale is not consistent with the usual uncertainty
principle of quantum mechanics, because according to the usual uncertainty principle, length
can be measured to an arbitrary precision if momentum is not measured. It is possible to
modify the usual uncertainty principle to a generalized uncertainty principle (GUP), such
that this new GUP is consistent with the existence of a minimum length scale [2–6]. Since
the uncertainty principle is closely related to the Heisenberg algebra, the GUP deforms
the Heisenberg algebra [12–16], which in turn changes the coordinate representation of the
momentum operator [17–20]. The most studied form of the GUP includes a quadratic term
in momentum, and takes the form
∆x∆p ≥ ~
2
(
1 + β∆p2
)
(1)
where β = β0l
2
p/~
2, β0 is a dimensionless constant, and lp is the Planck length.
This generalized uncertainty principle also modifies the thermodynamics of black holes.
This modification was calculated for the Schwarzschild black hole in [21–25]. This is done
by first writing the bound on the maximum momentum in terms of energy. This energy is
viewed as the energy of an emitted photon, and so, it is related to the black hole temperature.
Finally, the uncertainty in the position is taken to be proportional to the Schwarzschild
radius. This way we get a modified temperature of the Schwarzschild black hole from
GUP, which can in turn be used for calculating the modification to other thermodynamic
quantities. Thus, we can calculate the corrections to the entropy of a Schwarzschild black
hole due to GUP.
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Motivated by the universality of the leading order correction to the entropy of a black
holes, we propose that the full form of entropy corrected by GUP is also universal for
various black holes. So, in this paper, we argue that the modified entropy-area relation for
the Schwarzschild black hole holds for all black objects. We apply this relation to Reissner–
Nordstro¨m black hole (BH), Kerr BH, charged AdS BH, and spinning black ring. We
calculate their temperature and heat capacity and find they also end up in a remnant. These
results are different from those found in Refs. [26, 27], which followed different approaches
from the one in this paper. Also, in Ref. [28], the authors used the GUP to predict a
remnant for Schwarzschild black hole by studying the tunneling of massless particles. It
may be noted that even though this modified entropy-area relation produces a logarithmic
term in the series expansion, we will need to use the full form of the modified entropy-area
relation to get remnants for various black holes.
II. SCHWARZSCHILD BLACK HOLE
In this section, we review the derivation of the thermodynamic quantities of the
Schwarzschild BH. We start by solving the GUP in Eq. (1) for ∆p
∆p ≥ ∆x−
√
∆x2 − β
β
, (2)
where from now on we use units in which ~ = G = c = 1. This expression can be translated
to a lower bound on the energy, which can be viewed as the characteristic temperature of a
photon emitted from the black hole [21, 23]
T =
∆x−
√
∆x2 − β
β
. (3)
The uncertainty in position can be argued to be proportional to the horizon radius ∆x =
αrh [21, 22, 29], where the constant α = 2pi to produce the standard Hawking temperature
TH = 1/4pirh when β → 0. Thus, we get the modified temperature
T =
2pirh −
√
(2pirh)2 − β
β
. (4)
The temperature becomes complex and unphysical when rh <
√
β/2pi, which corresponds
to the minimum mass
Mmin =
Mp
4pi
√
β, (5)
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where Mp is the Planck mass, and rh = 2M . This means the black hole ends in a remnant.
The entropy can be calculated from the first law of black hole thermodynamics, which
for Schwarzschild black holes takes the form
S =
∫
1
T
dM =
∫
1
T
drh
2
, (6)
leading to the modified entropy
S =
2pirh
(
2pirh +
√
4pi2r2h − β
)
− β ln
(
2pirh +
√
4pi2r2h − β
)
8pi
. (7)
The heat capacity is calculated from the entropy and temperature via the relation
C = T
∂S
∂T
= T
∂S/∂rh
∂T/∂rh
, (8)
leading to
C =
−1
4pi
(
4pi2r2h − β + 2pirh
√
4pi2r2h − β
)
. (9)
The heat capacity goes to zero at rh =
√
β/2pi, which means that the black hole stops
exchanging heat with the surrounding space, confirming the existence of a remnant.
III. THE ENTROPY-AREA RELATION
We can re-express the entropy relation in Eq. (7) in terms of the area of the Schwarzschild
black hole A = 4pir2h to get the entropy-area relation
S =
piA+
√
piA
√
piA− β − β ln
(√
piA+
√
piA− β
)
8pi
= S0 + Sc, (10)
where S0 = A/4 is the original entropy, and Sc are the corrections to this original entropy
coming from GUP. In the limit in which there is no minimum length, the parameter β → 0,
this expression reduces to the usual expression for entropy, i.e. S = A/4. Furthermore, the
series expansion of this expression to first order is
S =
A
4
− β
16pi
(ln(4piA) + 1) . (11)
This in this limit Sc = −β(ln(4piA) + 1)/16pi.
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We argue that the expression for entropy in Eq. (10) is general for all black objects.
In the absence of minimum length, the first term in Eq. (10), S = A/4, has been verified
for all black objects [30], and any theory of quantum gravity is required to reproduce this
term in the black hole entropy. Furthermore, the logarithmic correction term also seems to
occur in most approaches to quantum gravity [31–37], although they differ in the constant
factor before the logarithmic term [38]. In these theories the logarithmic term seems to be
independent of any particular type of black holes. It is an interesting feature that corrections
to the entropy generated from the GUP also include terms proportional to the logarithm of
the area.
Motivated by the fact that the first term in the expression for the entropy universally has
form S = A/4, and the leading order corrections to the entropy are logarithmic corrections,
we assume that the generalized uncertainty principle also universally corrects the entropy
by a term proportional to the logarithm of the area. Thus, we assume the corrections to the
entropy of all black objects have the form given by Eq. (10). The difference for different
black objects comes from the exact relation of the area to different quantities, namely mass,
charge, and angular momentum. Thus, this correction of entropy in terms of area can be
used to calculate the thermodynamic properties of any black hole.
Furthermore, a difference can occur in the coefficient of this logarithmic term. However,
we have β = β0l
2
p/~
2, and there in an arbitrariness in the definition of β0. In fact, there
is a large range of allowed values for β0 [20]. So, for each specific case, the difference in
the coefficient can be absorbed in the definition of β0. The exact value of this coefficient
will not change the existence of a remnant, but only shift the scale at which this remnant is
formed. However, the interesting conclusion of this analysis is the existence of a remnant, so,
a different value of coefficient for different black holes, will not change the main conclusion
of this paper. It may be noted that the existence of the remnant depends critically on the
full form of the entropy corrected by GUP. So, even though we have argued for arbitrariness
in the value of β based on the logarithmic corrections to the entropy, we will use the full
form of the entropy corrected by GUP. Thus, the main proposal of this paper is that apart
from the arbitrariness in value of the constant β, the full form of the entropy corrected by
GUP is universal, as the leading order corrections terms in its series expansion are universal.
This idea will also hold for exotic black objects like black rings and black Saturn. So,
in this paper, we give a proposal for calculating the effect of the generalized uncertainty
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principle on the thermodynamics of all black objects. We explicitly demonstrate this for
three types of black holes: Reissner–Nordstro¨m BH, Kerr BH, and charged AdS BH, in
addition to spinning black ring.
IV. REISSNER–NORDSTRO¨M BLACK HOLE
The Reissner–Nordstro¨m black hole is a spherically symmetric static BH with charge Q.
The metric takes the form [30]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2, (12)
where
f(r) = 1− 2M
r
+
Q2
r2
. (13)
The horizon area is given by A = 4pir2h, where the horizon radius rh is the largest solution
to f(r) = 0. The mass can be expressed in terms of rh and Q via
M =
r2h −Q2
2rh
. (14)
The modified temperature of the BH due to the GUP can be calculated from
1
T
=
∂S
∂M
=
∂S/∂rh
∂M/∂rh
. (15)
Using the general entropy-area relation from Eq. (10) we find the temperature
T =
(r2h −Q2)
√
4pi2r2h − β
r2h
(
4pi2r2h − β + 2pirh
√
4pi2r2h − β
) . (16)
This relation goes to zero at rh =
√
β/2pi and does not have a physical meaning below this
value, signaling the existence of a remnant. This can be further confirmed from the heat
capacity.
The heat capacity is calculated via the relation
C = T
∂S
∂T
= T
∂S/∂rh
∂T/∂rh
. (17)
It may be noted that heat capacity will get corrected as the original entropy S0 has been
corrected to S = S0 + Sc, where Sc are the correction coming from GUP,
C =
−rh(r2h −Q2)
(
4pi2r2h − β + 2pirh
√
4pi2r2h − β
)
4
√
4pi2r2h − β
(
pi2(2r4h − 6r2hQ2) + pirh(r2h − 3Q2)
√
4pi2r2h − β +Q2β
) . (18)
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which goes to zero at rh =
√
β/2pi confirming the existence of a remnant, because when the
heat capacity is zero, the black hole cannot exchange radiation with the surrounding space.
Figures 1 and 2 are plots of the temperature and heat capacity of the Reissner–Nordstro¨m
black hole, and we clearly see the heat capacity goes to zero. In these plots, we assumed
β = 1, and that the charge is Q =M/2.
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FIG. 1: Standard and modified temperature of
Reissner–Nordstro¨m black hole.
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FIG. 2: Standard and modified heat capacity
of Reissner–Nordstro¨m black hole.
V. KERR BLACK HOLE
The Kerr black hole rotates with an angular momentum J characterized by the parameter
a = J/M . The metric takes the form [30]
ds2 = −dt2 + 2Mr
Σ
(dt− a sin2 θdφ)2 + Σ
∆
dr2 + Σdθ2 + (r2 + a2) sin2 θdφ2, (19)
where
Σ = r2 + a2 cos2 θ, ∆ = r2 + a2 − 2Mr. (20)
The horizon area of the Kerr black hole is given by
A = 4pi(r2h + a
2), (21)
where rh is the horizon radius, and is the largest solution to ∆ = 0. The mass and angular
momentum can be expressed in terms of rh and a via
M =
r2h + a
2
2rh
, J =
a
2rh
(a2 + r2h). (22)
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The modified temperature of the BH due to the GUP can be calculated from the entropy-
area relation in Eq. (10) via
1
T
=
(
∂S
∂M
)
J
, (23)
where the partial derivative is calculated at constant angular momentum J . This partial
derivative can be calculated using the identity
(
∂S
∂M
)
J
=
det
(
∂(S,J)
∂(rh,a)
)
det
(
∂(M,J)
∂(rh,a)
) , (24)
where ∂(S,J)
∂(rh,a)
is the Jacobian matrix, and is defined by
∂(S, J)
∂(rh, a)
=

 ∂S/∂rh ∂S/∂a
∂J/∂rh ∂J/∂a

 . (25)
This leads to the modified temperature
T =
(r2h − a2)
(
4pi2(r2h + a
2)− β + 2pi
√
r2h + a
2
√
4pi2(r2h + a
2)− β
)
rh
√
r2h + a
2
√
4pi2(r2h + a
2)− β
(
8pi2(r2h + a
2)− β + 4pi
√
r2h + a
2
√
4pi2(r2h + a
2)− β
)
(26)
This relation is plotted in figure 3, and it has no physical meaning below rh =√
β − 4pi2a2/2pi, signaling the existence of a remnant. This is further confirmed by cal-
culating the heat capacity via the relation
CJ = T
(
∂S
∂T
)
J
, (27)
where the derivative is taken at constant J because this is what determines the thermody-
namic stability of black holes [30, 39].
CJ =
(
1
4
Ξ(r4h − a4)
(
8pi2a2 + 8pi2r2h + 4piΞ− β
)2)
/
[
2pi2a6(192pi2r2 + 24piΞ− 13β)
+pir4h(6pir
2
hβ + Ξβ − 16pi2r2hΞ− 32pi3r4h) + a4(144pi3r2hΞ− 86pi2r2hβ − 7piΞβ + β2)
+a2r2h(128pi
4r4h + 80pi
3r2hΞ− 54pi2r2hβ − 18piΞβ + 3β2) + 448pi4r4ha4 + 96pi4a8
]
(28)
where, to simplify the expression, we defined
Ξ ≡
√
(r2h + a
2) (4pi2a2 + 4pi2r2h − β). (29)
The formula for the heat capacity is complicated but what matters is its qualitative behavior,
and from figure 4 we see it goes to zero which confirms the existence of a remnant. In these
plots, we assumed β = 1 and a =M/2.
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FIG. 3: Standard and modified temperature of
Kerr black hole.
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FIG. 4: Standard and modified heat capacity
of Kerr black hole.
VI. CHARGED AdS BLACK HOLE
The metric of charged AdS black holes is given by [30]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dθ2 + r2 sin2 θdφ2 (30)
with
f(r) = 1− 2M
r
+
Q2
r2
+
r2
l2
(31)
where Q is the charge and l is the AdS radius. The mass M can be expressed in terms of
rh by solving f(r+) = 0 leading to
M =
r4+ + l
2(Q2 + r2+)
2r+l2
. (32)
The area of charged AdS black hole is given by A = 4pir2h as in the Schwarzschild case.
Thus, the entropy is also given by Eq.(7). Form the entropy we can calculate the temperature
via Eq.(15)
T =
rh(3r
4
h + l
2(r2h −Q2))
√
4pi2r2h − β
l2r3h
(
4pi2r2h − β + 2pirh
√
4pi2r2h − β
) (33)
Again we notice that the temperature goes to zero at rh =
√
β/2pi and does not have a
physical meaning below that value, signaling the existence of a remnant.
The heat capacity is calculated via Eq.(17) and leads to
C =
r(3r4 + l2(r2 −Q2)) (ξ2 + 2pirξ)2
4ξ (3r4 (2pi2r2 − β + pirξ)− l2 (pi2(2r4 − 6Q2r2) +Q2β + pir(r2 − 3Q2)ξ)) , (34)
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where to simplify the above expression we defined ξ =
√
4pi2r2 − β. When rh =
√
β/2pi, the
heat capacity also goes to zero which confirms the existence of a remnant. The plots for the
temperature and heat capacity are very similar to those of the Kerr black hole.
VII. SPINNING BLACK RING
The metric of a spinning neutral black ring in five dimensions takes the form [30, 40, 41]
ds2 = −F (y)
F (x)
(
dt+ C(ν, λ)R
1 + y
F (y)
dψ
)2
+
R2F (x)
(x− y)2
(
dx2
G(x)
+
G(x)
F (x)
dφ2 − G(y)
F (y)
dψ2 − dy
2
G(y)
)
(35)
where
F (ξ) = 1 + λξ, G(ξ) = (1− ξ2)(1 + νξ), C(ν, λ) =
√
λ(λ− ν)1 + λ
1− λ. (36)
The dimensionless parameters λ and ν take values in the range 0 < ν ≤ λ < 1, and to avoid
conical singularity at x = 1 they must be related by
λ =
2ν
1 + ν2
. (37)
The coordinates x, y are restricted to the ranges −1 ≤ x ≤ 1 and −1/ν ≤ y < −1. The
event horizon is located at yh = −1/ν. The dimensionless parameter ν determines the shape
of the horizon, and can be considered as a measure for the radius of the ring.
The horizon area is given by [30]
A =
8
√
2pi2R3ν2
(1− ν)(1 + ν2)3/2 . (38)
Thus, the entropy relation (10) leads to
S =
√
2pi2ζ + 2−5/4
√
piζ
√
8
√
2pi3ζ − β − β
8pi
ln
(
27/4pi3/2
√
ζ −
√
8
√
2pi3ζ − β
)
, (39)
where to simplify the expression we defined
ζ ≡ R
3ν2
(1− ν)(1 + ν2)3/2 . (40)
From the entropy we calculate the temperature using Eq.(23) where M and J are given
by
M =
3piR2ν
2(1− ν)(1 + ν2) , J =
piνR3√
2
(
1 + ν
(1− ν)(1 + ν2)
)3/2
. (41)
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This leads to
T =
R2ν
(
4pi2
√
ζ − 21/4√pi
√
8
√
2pi3ζ − β
)
β
√
ζ(1 + ν2)
. (42)
In this case also the temperature goes to zero at a certain value for the parameter ν. This
is because ζ goes to zero when ν goes to zero. But since the sign of β under the square root
is negative, the temperature becomes imaginary, which means it reaches zero at a certain
value for ν and stops, i.e. the black ring forms a remnant.
VIII. CONCLUSIONS
It is known that the relation between the entropy of a black object and the horizon area
is always S = A/4, and the leading order correction to this entropy is logarithmic. It is
also known that the generalized uncertainty principle also produces a term proportional to
the logarithm of the area. Based on the universality of the relation between the entropy
and the horizon area, we proposed that the expression for the correction to the entropy
from the GUP is also universal for all black objects. This expression also modifies the
thermodynamic quantities of all black objects. We explicitly calculated these corrections
for three types of black holes: Reissner–Nordstro¨m BH, Kerr BH, and charged AdS BH, in
addition to spinning black ring. It was found that in all these cases the black objects end
in a remnant. Thus, it seems that the GUP predicts a remnant for all black objects. The
existence of a remnant can have important phenomenological consequences for the detection
of black holes at the LHC [42–44].
The existence of black hole remnants has also been predicted in the context of non-
commutative geometry in [45, 46], where it is shown that the temperature reaches a maxi-
mum value before going to zero at the remnant. Remnants has also been found from gravity’s
rainbow for all black objects [47, 48]. Gravity’s rainbow is a generalization of doubly special
relativity to curved spacetime, and doubly special relativity is based on modifications to the
dispersion relation. Since the GUP also deforms the usual dispersion relation, it seems that
the existence of a remnant might be related to the modified dispersion relation. It would be
interesting to use the method presented in this paper to investigate the modification of the
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thermodynamics for other types of black objects.
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